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The second derivative test meets

singularities and Milnor numbers

Thm_ (2nd derivative test) suppose f. 1124112
has continuous 2nd partial derivatives and
that

p
-

- la
,
b) is a critical point off .

Let Hflp) :(HE "fÑ2yµIf(p)ñffgyz× Jiffy =O

=L: :| .

Then

o a> 0
,
✗8-p2 >0 ⇒ fcp ) local min

• ✗< 0
,
✗ 8-fi> 0 → fcp ) local mad

• ✗S -pi - o ⇒ fcp ) saddle point .



Quadratic form

Qfp : R'→ IR

a.g)→ Cx g) Http ) (F)
= ✗✗

'
+ Zpxy +8g

'

BpTaylor approx 3- d- 8,13 s.f.fr bk

small

(hidfcptch.tl ) = Hp) + ÷Qfp+dh,k)
When Qfp is nondegenerate -

^

✗8-pi- -40 - th shape of
)

is the same for small hit

⇒ 2nd deriv test ☐



Notes (1) This works for f:R"→R as well .

Hfcp) -- ( z?¥-g×;) is symmetric and

3- invertible matrix 5 sit . SHE is

diagonal w/ entries 0,1-1, -1 ondiag .

Triple (no , nt, A) of # of such entries

is Sylver type of Qfp
The form is

nonekgemiffno-O.IQ#q)p-q---:signature of form
Qfp

nt
,
N
-

tht - N
-

Dimn + signature classifies Qfp
⇒ classifies crit pt in nondegen

case .



K) n=_2 Lookat level curves of f :

{↳g) I fix ,g) =D}
crit pts of f corr to singularities
of level sets

¥☒
G) Other fields ! k= QQ , Fp

Local minimax - remakes less sense

But : level curves or hypersurfaces
If f is polunomial, get algebraic
varieties . Want to understand

"

shape
"

f- singularities .



(4) Need : algebra:c thy of good forms

Milnor form = A- ' - Milnor number

is a quad form over
k will tell us

about this shape .

rank Milnor form = Milnor number

Minor numbers
f-E ①[× , , xz, . . . , in ]

" = 2 is good !

polynomial
V (f) i = {✗ een I flx) --0 } c- ①

"

A singular pH of VA) is p e Gnat.

f-( p)
--0
, If Cpl =D .

Sing(f) := set of singular pts



V4) -Singa) are regular points.

Goat local topology of Hf) near a
singular point .

p
c- Singh ,which is isolated : Fnbhd of

p
in V41 with no other singular pts .

Look at
"slices

"

of Uf) near p .

Let e SO
, 5%1.pl =/x.EE

" / Ax-p 11=4.

kp.ee (f) : = SI
- '

Cp) n V(f)

siren
p is

isolated singularity ,
kp.se (f) contains only regular pts for
small E

.

n=2_ real dim
'

n of 5J "

Lp) is 3

- V(f) is 2



intersection kp,elf ) has real

dimn 1 object-
a knot in s} (p) .
link

Eg_ f-↳g) ex
'
-

y
'

.

The real points of Nfl are a

cusp ☒
Sing(x

'
-j ) = { (a) b) / (sa' , -2b) -40,01J

= { 10,0) §
Ko
,
@ (f) lies on a copy of

5×5 :

{ (x.gl/aH1--E,Hyl1--pf
This is in fact a (2) 3) torus knot

.



.¥f⑧ For in - yn
for m

, n relatively
prima i

ko
,
elxm- yn) =

Cmn) - torus knot
.

Milnor proves kp.ee/f) is independent
of e for E small

.

Let DEY ) = closed disc of radius a

DEA ) n Vlf / ± Clk
,>* (f) )

Milnor map

Mf i s Epl - Kp,, (f) → S
'

Ecl

✗ 1→f
111-1×111



Mf is a fiber bundle with fibers

to : = Mj
'

{ eiOf

diffeomorphic smooth parallel: a-able
(2n - 2) -don't manifolds .

FI = Fau Kp
,

df) is a mfld w/

boundarykp.it/.Thm-Fo-
is homotopy equiv to a

bouquet of Cn - 1) -dim spheres
F-
•
← 5^-1 v5

" '
v . -

. v5
"

a-
The middle homology AndÉ ; 21)
is free of rank µ .

Defy The Minor number of f- at p



i

up (f) : =µ .

µ measures degeneracy of our singularity
Hflp) = (%¥_i

;

crit pt p
is nondegenerate iff

Hf(p) is non-singular
claim this happens if the multiplicity
oftfatpinf :

If = (¥
,

,
- - -

> 3¥ )(Vtt) = VC :&
.

) n n - n Vl¥↳)
i.e. Vtf) is smooth at

p
iff Jacobian of Tiflis nonsingular atp
iff Hf Lp) is rousingwear .



Upshot Multiplicity Firth of 2¥.

measures degeneracy .

Local intr number of 3¥
,

- in , ¥⇐
is direct"> "" ✗it k¥

,

,
- r -

, }¥n)-
localization at
G- p , , 4- pa , un , in

-

pn )
= subring of QQ ,, .→Xn)
w/denominator doesn't vanish
at
p .

Note p is isolated iff this int'n # is

finite

thm This multiplicity = up (f) .

0thwoff :



thm ✗ (Fo ) = It C- IT"µp (f)

can also access µ via degree :

g.
: M → Nbl.it?itenhtofsamedimn

able mflds .
Give M

,
N charts v7

compatible orientable orientation}
Given

p
c- M at which

g
is regular

define local degree of got p
to be day, (g)

:-c sign ldetldgp )
c- { It}

.

If q
c- Hk is a regular value ,

daglgl = [ digplg
peg

-

Yq}



€0m+,•→

¥
tg
*N
z

deglg) = -1+1-1
= -1

In our case If : en → In

9¥ If ☐ not smooth at degenerate
crit pts !

Look at
If

⇒,

'

on a small sphere 5¥
- '

Cpj →sent

Take degree of ¥Yµ,/
guy ,p,

= : dtg.pl#f)



thm-uplfl-degp.LT/f)ybmid;fleqfiomohgyupCf) : topologically /~xf

of tf

algebraically .m*¥:¥÷÷÷¥
→
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Quadratic forms and the Grothendieck- Witt ring
Fix k a field of char 1=2

.

Defy A symmetric bilinear form over K is a Kus

V and function b : Vxv- K et
.

it blv
, w) =bail the

,
well

4) linear in each variable

Given k-sbf b
,
define q=q,

: V → k
v → bcv , ✓)

.

Then (1)
q

is homogeneous of degree 2

g. (W ) = Tight tick , rev

(2) the polarization of q recovers b

Vxv→ k
Girl→ tlqcvtw ) -got - qcwl)

A function g. V
→k homogeneous of degree 2

with bilinear polarization is a quadratic form .



Choose a basis e
,,
.. .
, en of V. The Gram

matrix of b Ior g) is

c- Symnxn (b)↳ = ( bleisej ) )

kijent-a-tbcv.in) = lift Gfw] for Ev] = col vector

rip 'n of v wt e , , . . . > en .

Given be - sbf 's b on V
,

b
'

on V
'

,
call b. b '

isometric when Fcf : ✓→ V
'

a linear

isomorphism sit
.
b'(of> low ) =bcv.tt/v,weV-Fact-k-sbf

's on V are isometric iff their

Gram matrices are congruent :u

G
, G
'

G' = AtGA for some AE Glen (b)

Note Quadratic forms are homogeneous degree
2 polynomials : Gram matrix Cbi;)
corresponds to



qlxi,→xn) : ↳ " - a) Cbi;)

= [ aijxixj
IEIEJEN

boi if i=jfor aij={zbij if Rj

2bjiifisj.MN

E.gg axi+Oy'+Oz# (a)

✗
'
+ y2 (f ? )

x2 - y2 (

÷?µ isometric

xy (
O

'

12
✗2-

y
'
=

Cxtzcx -g)

An sbf is nondegenerate lorrigular ) when
the function



V- V* i-ttomi.lv, b)
u -1¥.nl

is an isomorphism ( if dat (Grann) -1-0 )
.

iffg.lv/--0--v--Omm
Thm_ Every sbf is isometric to a diagonal form

Ta
, , . . . ,

an ) :=

qx? + - - - +anxjh .

1¥ Ites complete the square + induction .

☐

¥2 Diagonal :zations are not unique .

Operations b
, ,
b
,
k-sbfs on V

, ,
Vz

Orthogonal sum
b. 1- bz : Hot Vz ) × (V, 0th ) → k

((v , , vz ) , ( W , ,
Wz) )↳ b.lv , ,W, ) +Kronecker

tensor product
back
, wz )

b. ☒ bz : V , ☒ Vz ✗ V
,
☒V2 -1k



(v. ☒ K
,
W
, Wz)↳ bfv,,w , ) back,wd

On Gram matrices

•
" 1-b.

= (9/-0) ←±i⇒ b. tbr

← bitbz ,
0 Gba

b.☒bÉ

•
" Gbz - - -

qngy

-
bi ☒be

i. -

-

.
:Gb

, be
=

, Gb
.

. . - am Gb)
for Gb

,

= (aij)
On diagonal forms ,

Sai
,
.. .

> an) 1- ( b ,
,
. . . , but = far, . . . , an , b , , -→ bm)

{a. b) ☒ te , d. e) = Tae
,
aol.ae

,
be ,bd
,
be)

Let Sal ÷ {regular k-sbf.SI/isometry .

Then (SK)
,
1-
,
☒ ) is a commutative séÉÑg .

which is cancel lative :

btc E b 1-d ⇒ eEd



Apply the Grothendietkions~tn.FI?on?YdtionEb,d
ooo{ is

GWCK) : = S (b)FP = SCH
✗51k¥

, y - ( b; ;)

"

b-É

for bIe" E b ' 1- c

to get the Grothendieck-Witt ring of k :
a ☒ lb, if :=[a☒b

,
a☒e}

This GWCL) is generated by Ka) / aeki}
subject to relations -

/⇐ ⇒
a) sad = Lab2)

sa
,

-a) EH, - 1)
(2) talk b) = lab)
(3) f.a) + (b) = fatb)tfabla-tbjhatb.a.bek×

E.gg a) If k☒
:=/ a. taek 'T is all of k

"

,
then

(a) = 4)
⇒ g.

0h
so GW (b) ⇒ 21

. |=_Crah-6W (e) ± 21



dinner signature n+
-n
-

(2) GWUR) ± { ( ins) c- 21×21 / nts = 0 (mad 2) |

poly ring µ-2h)
h= hyperbolic
planenever 21 w/ additivelyvariable h
nt""Y ③ For k finite

,
away
! zÉ%^k%☒÷÷YY

42-2×1
± B ✗ Z%z

Gram)

(4) Gwloh ) is not finitely generated !

Defy the Witt ring of k is WH) :=GW(kYµy
= 6W(b)fish

Its elements are in bijective correspondence
with isometry classes of anisotropic sbf's .

E.gg at htc)
± 21127 a, -1>→ 0

GW (R) → WAR) =314 W4R)=B_ ÷



QEB (mod 4)a) Wttqj {
""*

g-=\ (
mod 4)Filk'The☒ I

ring
(4) WIR) E 2/0-2422,0 Wttp )

p>2

products : quadratic reciprocity !

Fact There is a pullback square of rings
E E

o → 21h ¥2B → o

I I
0→ GILL) → GW (b) ¥ → o

=L t -1to
→ ICH → Wlb) →Klay→ 0ranko
I t b
O O O

Extensions & transfers

Field extension 4hr
. Get

extra : Gwlk)→ GWCL ) ring map
g- q

for free . V1→ VEL



If the finite , have try :L→ k the trace

: Gwan) → Gwlk) {b- linear / VxV→bkB
map . Then *"•

µ¥Y→¥☒¥Ñadditive hom
Kk

is an additive homomorphism . try (a)
= trace (ma:L-4

E.gg tr : Q → R k

HIR
z Ms ztz = 2Retz)

= [ oral
aw ,,, → aw ,µ { ..µµ ,ÉÉ÷÷;¥FÉ±¥÷...ru#THis-Think of Vasa¥

b-vs (since k 'Llazw
① VIR

- { Irt-su)
Excdimltrya.CH )what is rank

trqp.tk?-- = [L:b] . dim (b)
rank

as diagonalized
quad form ?



GWAR) BE]✗×zz× )
$1, -* h-✗

a>-1

SCHUG
-

WAR) 42,4)
-

>

rank 2
• •

signature 2-0

¥÷÷÷:-.NV.
All k : q☒k = rankcql.tn

hah = 2h = hth

hi = 2h



Minor

co-njecture-t.CN/=enn+i---kMnlkY,y
1

Milnor K-theory
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Motivic degreek field of char =/2

Recalls up (f)
= dig, (Tt ) c- 21 for feet, .→✗n]

We want µp*lfl=dig%Kf) c- GWIKI
for f-c- Ktx ,>→, xn] .

= smtn ,n

Trygg

"i%jn
Motivic homotopy

smooth k-schemes lererything pointed

simplicial
sets

(motivic)
= simplicial

- setae↳ ( k- spaces pruohrares
on Smh :

Simplicial spheres [smh
,

Seto]
-

Y
Sn >

°

:= S
'
n . . - rs

'

n = smash
--

v = wedge n times

=€tE
✗×%×*u*y

Geometric spheres $
'"
=/Aho

s" :=¥÷÷÷É¥



*Ye 1¥ fgncet-sm-nnk.it← Sm
-

nnsn
E 5m

Mixed spheres cm-n>0 )

I := 5-"
° nsnm.EE?Y-sm-nn(s9"

S
"on SH = S

'

neo)
⇒m-n

so m= total #
"

circles
"

(simplicial &geometric)
n = #geometric circles .

At' - homotopy puts a model structure on Spey

witnessing
• weak equivalences on Nineveh stalksocontractrbilityofxa.TV

Facts in ☒ =s" §ÉÉÉ¥.(2) TAYA ,
µ
= 52mn

°o° R%RhD2±DY
← (P' Jan
-

really the (homotopy) ↳fiber of
1A
"
-

p ↳
An

THI (Morel) 1- deg
# :[5mn .sn?n..-sGWCk1

{
21 k€

isomorphism for nZ2 . 2Éh]/k=lR



1h2-2h)
for f-:S" 'm → 5mm induced by f. 1A"→A^

f.
'↳%)and

q
a regular point of f, f v

Spectre]

AYA-nip-AY.p.iq/detJfCp))--F-.j#degA'lfJ:--[tr.ie#./..k.nx2+bxte
,
x - c pef"q
← Jacobian off

kept -- residue field ofp eval 'd @ p .

B-

4eeopc-fspecklx.sn, xD )=1AI-
local A'

-degree ofklxi
, -→ xn]p = : kep)

fat
p , dug# (f)Mnp = (p) Ekta , .→xn)p

Faff For KEIR
,

Isn
,
5)É[sa-n.in , gzn.my,g,

⇐ Pts
→ [5%5]

* tag:* tag
21 ← ankle.) - zranksgn

an 25th]µ-2h)
cos The degree of the e- points of any algebra:<

map
is nonnegative .



☒ Why? det ( ab
-

ba ) = a'+5>0

E¥ a) Suppose f.An→&Ñ has an isolated

simple zero at
p
with diet Jflp) -1-0 . Then

digit (F) = dig#
'

(f) :(diet Jflp))
.

f induced by AEGLNLKI ⇒ deg.tt
'

(F) = feetAY
(2) f : 1A' → 1A

'

,
flxt x2 . Jf = (2×1

Um g- 1
.
Then f-" I :{ Ill and

deaf
" (f- I = deg# If )

+deg?
'

(f)

= (2) + 2-2) = h .

Use
q
: -1

.

Bliss of ✗
•
+ I = 0

. Unique
elf of f-

'

{- I} = { (x2 + 1) } .

deg☒
'

(F) = treat 1) = h
→ What is deg# (f) when Jflp) is singular ?

Eisenbud - Levine / khimshiashi.li forms

/ after J. Kass
,
K
. Wickelgren , et al )



f :/An→ 7A
"

sit. flp)=q for p ,q
k- pts

local algebra off at p

Qp (f) Hhs -Ndp/(f
,

-

q , , fiqz,
-
. -

, fn - qn )
Ez f-G) = ✗2 1A

' -1,1A'

Qglf) = 1<1×4×14×4
± Him

iii. (x)

Deff Assume char k t climb Qp (f) .

The EL/K form off at p is

w -

- Up (f) : Qp (f) ✗ Qp (f) → k

(a. b) 1- ylatb)

where
y
: Qp (f)→ k is

any
b- linear

map
at. yldet Jf) = dinkQplf ) .



NIE F workaround form / dim,Qplf )
charts

. . . distinguished sock - - -
fig -0

E.g-f://.lt → 1A
'

HMH/×:o)
✗↳ ✗

2

Qolf )=kK]K×y detJf=2x

basis 1.x

y( 11=0

ylx) =L (⇒ y(zx1=z ✓ )

Gram matrix of w :

I k

'

(1111141×1)=(111111×1× 71×1) 41×4 ylxl ylo ))
=L ? ;)"



Egg f :#→A
'

flx)=axn,aek×

Qolf)EkI×%n ) w/dimhn
,

basis 1.x ,x2,

.us/un-l--.-1detTf/=n/aiii-inufuv0oaT--y(naxn-1/--na.'-a--n
Gram of W :

I ✗ ×
?

. - - ✗
n-2

✗
n -1

"

[
° °

"
"

°✗ 00 °

°

✗
2 0 0 0

: : :
-

-

"

✗
n-2 0 a

"
o

✗
n- I a- I 0 0



If n is even , get 12h
n odd

, get 1- h + <a)

General points

suppose kept is a finite separable eatnofk.
What is deg,H (f) ?

Thm_ (Kass-Wiakelgren- Pauli )

dig.PH (f) =

trwpyndeg.pt/foahLpI)-EGWlblp1)Thm-
If p

is regular , then

up (f) = Morel deg.pk
'

(f)
.

Also deaf
" (F) = ☒¥pH )

ptf
"

q



5 Aug 2021
Milnor forms €#qtdgp(If )
Diff suppose f :Ñ→ A

'

is algebraic with
isolated singularity at p. The Milnor form
for A' -minor member ) of f Ior Vlf )) at p
is µp☒

'

(f) i-degp.tt
'

(TH )
.

= wpEVk(If) c- GW(b.)
.

Unpack : Since Tlflpl :O,

Qp (TH ) = Hair. >Elp hotbox ,
,
. ..pt/zxn) .

We have JHA ) = Hf = ( "%xi8*j)%. .

So up tf ) : Qptf / ✗Qptvf) → k

(a. b) 1- ylab)
for

y
: Qptf )→ k bilinear s.li

.

at least
✓ in char

yldet Hf ) = dim, Qptf)
-

-

up (f) .

°



E.g-flx.gl = ×
'
-

y
'

,
char k f 6 .

If = (3×1
, -2g)

Hf = ( 6
✗ o

o - z ) det Hf = - 1z×

< Qo (TH) ± klx.gl/cxz,y)-=kExKxy
basis 1.x

Define y 111=0, y 1×1=-1-6 ⇒ yl-12×1=2 .

Then W has Gram matrix

'§
"

%) ⇐ h=µ¥lx '-F)
.

✗ -116 0

E.gg f is a node when det Hfcp) -1-0 .

In this case
, p is arugula.r point of If

and we
may compute

upto (f) = tr tdet Hflp) )
kept/h .

xyi-h.o.it .For p=0 and n --2 , nodes look like
± ✗
'
-g-that .



flx.gl = ax- + try + hot
.

tflo)=(Y¥for some a. book
"

.
In this case

,

det Hflo) = Tab

⇒ MET
'

(f) = flab) = (ab)
.

Hflo)=(
"

'

za
. |In arbitrary dimn , "

f /✗ ,, .. .,xn) = a ,✗it
- - - +anxjhth.at . Zan

⇒ µ# (f)
= f.Iain an} = { {ai

-an) n even

Kai -- an! n odd
.

Ey 1 Kass -Wichilgren , Pauli )

\



Perdition

3-Zariski open
UEA

fix fc-k.la/---sXnI.ys.f.forrtiEd,...,antUlh)
and all tek

For generic a , ,
. . .

, an
c- k and all tek

,

the hypersurface
f- (✗ ii.→ Xn) +a ,x , + . . . +g.g. = f)

smooth
or nodal

only has nodal singularities
f--0 fit f--2 f-taxi-1 f-tax-- I

still 1414
Fff

→Xn)+
Tt 't

= t

thm-lka-ss-wichilgren-pau.li ) ooÉnÉÉ
Fix a , , -→aneks.tv#-aTx--tfonlyhasnodalsiYiliy-for all tek . Then

[ MPH (f) = [ MA
'

/fkltax - t)
pesinglf ) q node of

%

some flx) tax -- t



Upshots Milnor form of f constrains the

types of nodes f can bifurcate into .

E.gg/---x3-yi ⇒MET
'

(f) =L as before
.

Consider fa= d- y
' + ax and the 1-parameter

family of curry fa=t .

fait has a singularity iff ✗
'
tax -t has

a double root iff discriminant
- 4a] - 27th = 0

.

For a --0 ( i.e
. f-= f.) have just one singularity

//{f f fo=fat t=0
,
the cusp .

For a c- k
"

fixed
, get two ties at

t
'
= -4g as

-

If
-

Eta' c- k☒
,
have 2 rational nodes ;

01W '

a node with residue field b. (VIIs )



In this case , we can explicitly determine
the nodes and their Milnor forms ( exc ! ) .

But even w/o doing so, we know they
will add up to him# If / .

For more
gon

' l singularities (and perhaps
specific fields ) this place interesting
constraints on nodes in bifurcations

.

Research problem ") Explore these constraints

systematically .

Other research problems
(2) Answer th following questions :

(a) Which aww classes are realized

as local motivic degrees of algebraic

maps
1A
"
→ An ?

(up to rank 7 done by Quick-Strand-Wilson
(b) Which Gwlk) classes arterialized as
Milnor forms ?



(3)
"

Interpret
"

discriminant and other invariants
rank = classical

of degpA (g) , µpH (f) .

Minor #

Sqn =
"

real Milnor
#
"

(4) Use Newton polygons or Puiseux series

It ? ) to determine f- pH (f) .r

of curves
1st Prove the following conjecture :

MPA
'

lfgt-uftlfltup.MG/t2degpA' (f)g) - l .

1-
Replacement for local int'niy WHIMSYfor A.g) : A2→A2
in classical version

dinge-4¥
(6) Connections with tropical geometry ? A.g)
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Blowups and resolutions

idea Replace a pt of A
' with all the

liners passing through it without

Implementation

*www.t" "

Blow { (×,e) c-☒ xp
' / ✗elf

(×, d)

If I iso over AZ -0 w/ !

A x
=: E

,

the

exceptional
divisor

coordinate charts

Uo =/Clay) , Is :w) ) / z -40, Cay)e[z:w]|
± flk.yl.tt:D )

I
A- (×

, Wlz)
"

no

"

Vo



U
,
= {Key) , It :w] ) / w-10 , Kyle E.wtf
Clay) , Ez :D )
I Bloat = Uo OU ,A- lzlw
, g)

"

u,
I
,

then it / ↳ (uomo) =/no, novo )
a- lie

,
(Unm ) = ( um ,

w
, )

and E <→ no
--0 in Uo

V
,

= 0 in U ,

suppose V --Vlf ) c-1A' is a curve .

The

strict transform Ñ of V is the closure

of ⇐ - ' VIE in Bloor .

We have
a

- '

V n tho = ✓( Huo
>
Uovo ) /

a-' V n U
,

= V1 fleur, , 411
If OEV, then

Huo
, novo) = uomfo

">
(uomo ) , not to

"



Hum
, a) = vifi" (u , ,v,) .

v.tf,
" '

Thr eggs for Ñ are fi
"
in Uo

,
fi" in U , .

E.g_ Cusp V=Vlx' -y
' )

.

Then

a-
'

v n no has egnui-cuov.tn = ui Luo- ri) = 0
⇒ ft" (uomo) = no - v5 - asmooth parabola
a-

'
Vnu

,
has
egn lump

- ri = viluiv, - 1) = 0

⇒ fi" luo.ro/--u.iv , - 1 w/smooth zero lows
not intersecting E .

Thus Ñ is smooth and Ñ→ V is
'

a

resolution of singularities .

This the singularities of any plan algebraic
cwm

may
be resolved by a finite sequence

of blowups, even so that
proper preimage of

singular points meets exceptional divisors transversely .



I can we compute up
' Ifl in terms of its

resolution by blowups ?

Thm_ V c-Are plane nerve w/ isolated sing p

of multiplicity d ,
V has r distinct tangent

lines at p .
Then

Mpl V1 = did
- 1) + [ Mx (T ) + I- r

✗6-Sing(F) nE

I. Does this admit a quadratic refinement?

Usman studied this by computing
Ap (ft : --Upa

' If / -[ µ×ÑlfT
✗Gsinglv) n E

for a number of examples .

£¥ 41 f-- ✗
"
+ym then

" I

do (f) = { nk¥ h n odd
,

or n even and m odd



µh + Cmn) - snlm-n)) ow

b) (Dn ) = {
2h + (-2,24-11) -621N-411 never

2h +c-↳ model

ooo { dld¥h replaces did-11 , but

• what replaces tr ?
%

Ntd of defn of tangent lines could
play a role

On approach to the classical fmla is

via a Pliicker formula for polar curves .

- r-

Dn : ylx' +yn
" ) 2 branches ⇒ link1121

has 2 components


