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Gaso her f = <03 f injective
· isomorphism type is given by dimension

Throughout ,

V
,
W Frs's

,
f : V-> W linear transformation.

The Cher f = 0 detects injectivity / [Ov)
f

A linear transformationf is injective iff kerf =

0

.

now writing 0 for
twir subspace of

# () Since f is linear
,
f(o) = 0

,
so O kerf .

As is injective ,

no other rectors
map

to 0 underf, so berf = 0.

(E) Suppose r
,
wEV and f(r) : f(w)

·

Then

0 = f(u) - f(w) = f(v- w) Tlinearity]



so v-wekerf =0 v-w = 0 => v = w
.

Hence fising.

Prop For SEV
,

(1) Slin dep => fS = (f(s)/seS] lim dep
(2) Sin ind Ling => fS /in ind.

& Why is thisa necessary hypothesis.
S

, Lev
f : V-> W destroys lim ind
~ 0

Sa
, ...,Sphtzv

#of Prop (1) Suppose [xis := 0 for XiCF
,
SitS

. Applying f,
f([Xisi) = [xiflei) = 0 so f preserves (in dependencies.

(2) Fix f(si), . . .,
fish) efS and suppose



& dif(si) = 0 => f([xisi) = 0 Clinearity off)

=> [dis : Ekerf

Since f is injective ,
kerf = 0 => [disi = 0.

Since Sin ind
,
all x = 0 => fS lin ind.

Rall A lin transn fiV-W is an isomorphism when it

· admits a linear inverse giv
- v

or
, equivalently,

· is a bijection.
Note Isomorphismisnequivalencerelaysetofsitea

spaces. --f



↑

Eg. FIXU = FP via (b)- (a ,
b
,

c
, d)

· Let FIx] denote power series
with coefficients in F.

Thin FIxD = FN via Xo +i
,
x + 12 x2 + ... 2 (iii)

VI

· Aintruded Sequencesi generating function
a

-
and infh. sequences that are eventually 0 .2inj

Surg

The If V
,
Ware finite-dimensional F-rs's

,

then

VEW # dim V = dim W.



()
If Since E is symmetric ,

it suffices to prov that

dimV = n t V = F.

Choose an ordered basis B = (b
, . . .

,
bn) of W

.

Then
fir-w

Rep : VEs Fr (E) Isomorphismspreserve bases :

b= l
; B basisof V .

Them fB is lin ind prop
and if weW J ! veV st . 86) = w

Note Specifying anisoAnandfbixifilset
-

ordered
an basis of V b/c the inverse gift-> V gives gal , ...,glen

as a basis of V.



Week 3 #G Claim S = ((a,b) , (d)) = F2in ind
-

iff ad-be +0.

* Given t :(ab) ,

let A = A(A) = ad-bc .

(a
,
b)

,
(d) are lin ind iff

ref (1 %) = (0i1
:

)
Note (1) elementaryrow ops takeAila) to ref(A)·

(2) observe what each opin does to A :



=

(ii) (i)(i) Lincol Giant
A ad-be ba-ad i(ad-ba) x (adibe)add=

- 1 . (ad-be)

= ad-be

Thus the effect of a row

op on
A is to scale by amonzero i

Since rraf(A) is given by a

sequence of row
ops,

A(A) = X & (rref (A))



so Shin indiff ruf(A) = (oY)
A = 1 => A(A) = X . 1

,
X * 0

# O


