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subspaces R
· Linear combinations · Span

VI

C(R) = [f) fiR -R is continuous
VI

C'(IR) = (f/f :R+ 1 withfo continuous)
VI

C
*

(R) = (f/f :R- R has continuous derivatives
of all orders

UI

R[x] = Sf/f : RR-R is a polynomial function]

Each of these satisfies figeW= f +geW ,
New ,

Oth

In fact ,
each is a vector

space in its own right.



Defn A subset WEV of an F-rs is a subspace of V when

W is an F-rs with addition and scalar multiplication inherited

from V
,
with WV.

v +v
= y F + r= v

VI
VI ul VI

WXW -> W #x w + w
-

↓

Prop A subset WEV is a subspace iff
(1) &W

,

(2) nvEW -> n +veW
,

& (3) new => Xuch

iff

1) OW & (2) nvew => u + XeW.



of Two
·

I Lemma 2
. 9

E
.g. ((x , 0) (x + F] = F-

>((0 , y)(y + F)

I
E
503VEV

Q Is Fx0] v10bXF a subspace of F2 ?
F2

F = IR

⑧ &

& Fx(0) No !
(03xF

Q If U
,
WIV

,
is Unwer ? YES!

(1) OCU and New OneW

12'l SupposeGreUnW , JEF .

Then uriv th

and urXveW (b/ U
.

W subspaces) a u +XveURW.



Fix Van F-rs .

Dafn For SEV
,

a linear combination of rectors in S is a rector

of the form Xiui = X
,
U

,
+

nun
for some XieF

, uieS
,

i = 1

neIN
.

N n=O get empty am = 0 Always finitea
E.
g.
Is (1

, 4) a linear combination of rectors in

[13
,
2)

, (2-1)][I??

Looking for a bel set .

a (3
,
2) + b (2

,

- 1) = ( 1
,4)

,

i
.

e.

3a + 2b = - 1

2a - b = 4
~(ii) ~ ( : i :2)

· a
= 1

,
b = -2 works

.

Indeed
,

10 13
,
2) - 2(2

, -1) = (3 - 4
,

2 +2) = ( - 1
, 4).



Defi For SEV
,
the span of S is

span(s) : = & linear combos of rectors in S3.

Note Span (0)
= 303

E.
g. spandr) = [xv/xEF)

Span &(1 , 1) = ((a
,
alla

·Spamp((1 ,
0

,01 ,
10

,
1

, 01] = (a(1 ,
0

, 0) + b(0
,

1
,
01 a

, bzIR]

= ((a ,
b

, 0) la ,beRyz

spanning sets are not unique Y

X



Span ((1 ,
0

, 0)
,

20
,

1
, 01) = spand (1 ,

0
,
0)

,
10

,
2

, 01/

=

Span (11, 0
, 01 ,

10
,

1
, 0)

,

12
,
3
, 01].

Prop Let SEV. Then
=

Span R2x(0)

11) Span SEV

(2) If SEWIV
,
then spans W

13) Every subspace of
V is the span of some subset of V.

If (1) If S = 0
,

thun spans : 103 = V.

If 3 0
,
then Jues so 0 . u = 0 Espans . Given

Exui
, [NjujtspanS with XisujF, vises , get

[xini + X [Mjvy = [xiui + [My <opens



for all XeF ,
so spenS =V.

(2) If SEWIV
,
then spans W

(2) Ju this Extrement :

S= SpanS [ Spank = W
.

① ③ ②

① If neS ,

then u = la is a liv combot eleois
② Have W Espan W by D. Suppor [xini EspanW with NieFrith

Then this is in W b/c Wisclosed under scalar multin

and addin .
Thus spart ? Was well , thus spanW : W.

⑤ By (1) , spans is a rector space . Apply Span to S&W to

(3) W = Span
W for WEV get containment.



say SEV generates WSV when spans = W.

E.g. (1) (1x ,
x

. . . ) generates F(x)

(2) (( 0) ,
10

, 1)) generates F
EIn

(3) Set ei = 10
, ...,

0
,
10, ..., %) .

Then he , ..., en] generates FI

inth pos'n (a, . n
, an) =a

,
e

,
+ agen --

(4) For setS and seS
,
defin ↑ and

X : S- F
S

+ m () if to

O if te

Them for finite
, ExsIses] generates FS.



& What if S is infinite ?


